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Extracting squares from any quadrilateral 

Pierre Godard 



Abstract 

A procedure that generates parallelograms from any quadrilateral is presented. 
If the original quadrilateral is itself a parallelogram, then the procedure gives 
squares. Hence, when applied two times, this procedure generates squares from 
any quadrilateral. The proof needs only undergraduate level. 



1 Notations 



We identify the plane M^ with the complex plane C; the imaginary unit is denoted by 
i. The tools this article needs are very basic and may be found in any textbooks on 
geometry, e.g. the first 9 chapters of [1 J. 
(— I Let Tq be the rotation about the point O by angle a, and let t^ be the translation 

■^-^ — y 

^ by the vector Oa. Then the rotation about the point a by angle a is 



*di ° ^" ° (*oi) ^ ■ z^ e*"(z ~a) + a. 



I Composition of operations, denoted here by o, will no more be explicitely written. 
^ We use the notation P — [01,02,03,04] when the four vertices of the quadri- 

f — lateral P are oi, 02, 03 and 04, and the edges are 0102, . . . , 0401. Note that the 

^^ symbols can be circularly permuted or the order can be reversed; for example, we have 

. [01,02,03,04] = [02,03,04,01] = [02,01, 04, 03] but [01,02,03,04] ^ [01,03,02,04]. 

cn 

O 2 Exctracting parallelograms from any quadrilateral 



theorem 1. Let P be a quadrilateral and denote its four vertices by oi, 02, 03 and 04; 
let Ui be the half of the angle at the vertex Ui. Moreover, let bijki be the fixed point of 
the rotation rai,a,raj,ajrak^akfai,ai, with {ij, k, 1} = {1, 2, 3,4}. Then the following 
sets of points define parallelograms: 



pe 

p(13)(24) 

p(23) 

p(1342) 

p(24) 

p(13) 



— [^1234, ^1243, ^2143, ^2134] 

— [^3412, ^3421, ^4321, ^4312] 
= [&1324, ^1342, fe3142, ^3124] 

— [&2413, ^2431 J ^4231 1 ^4213] 
= [^1432, ^1423 7 ^4123i ^4132] 
= [^3214,^3241, &2341, ^2314] 



Moreover, P'' is congruent to p(^3)(24)^ p(23) ^^ congruent to p(i342)^ p(24) ^^ ^^^. 
gruent to P^^^\ 

First, we note that bijki is well-defined since a^ + aj + ak + ai = ir when i, j, /c 
and / are all different. The proof of the theorem proceeds in three steps: 

lemma 1. Under the hypotheses of the theoremU] P'' is a parallelogram. 

Proof. For convenience, we write ri for ra^.ai, and similarly for the other points of P. 
rir^r2ri is the rotation about 64321 by the angle tt. Hence it is an involution. Similarly, 
rir2r^r^ is an involution. Thus, we have 

{rir2rsririr2rir^){r2ririr^r2rir^ri) = rir2r:iririr2{rir^r2ririr^r2ri)r^ri^ 

= rir2rzririr2rs,ri 
— id 

where id : z ^^ z. On the other hand 

(rir2rsririr2rArz){r2ririr^r2ririri) ^ {rbi234,Trni2i3,^)i'^b2i43,^'^b2i3i,-'^) 

= t„, -, — yt„ 



26i243'>1234 262 1 34 '^2 143 

= t„ 



2(61243^1234+^2134^2143) 



Hence 61243^1234 + 6213462143 = 0, or [61243,^1234,62134,62143] is a parallelogram. 

n 

lemma 2. Under the hypotheses of the theorem 17] ;/ P*^ is a parallelogram, then 
p(i3)(24)^ p(23)^ p(i342)^ p(24) fl„^ p(i3) ^^^ all parallelograms. 

Proof. There is an action of the symmetric group on four symbols S4 to the four points 
of P. This induces an action of 5*4 on the bijki's'. for a in ^4, we have 

f : hjkl 1-^ feo-l(i)cr-l(j)o-l(fc)CT-l(J)- 

When iS'4 acts on the identity 6124361234 + 6213462143 — deduced in lemma[lj other 
parallelograms than P^ are evidenced. Obviously, the group C2 x C2 generated by 
the permutations (12) and (34) leaves the vertex set of P^ invariant. Now we choose 
as representatives of the left cosets of 84/(02 x C2) the elements e, (13)(24), (23), 
(1342), (24) and (13). The action of these elements on the set {61234, 61243, 62143, 62134} 
gives respectively the vertex set of P^ p(i3)(24)^ p(23)^ p(i342)^ p(24) ^^^ p(i3)^ □ 

lemma 3. Under the hypotheses of the theoremUj P^ is congruent to p(i3)(24)^ p(23) 
is congruent to p(i342)^ p(24) ^^ congruent to P"^). 

Proof. The proof is straightforward: we first compute that 

hjki = \ (a.(l - e*"') + a,e*"' (1 - e'"0 
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Figure 1: Example illustrating the theorem[T] The coordinates of ai, 02, as and 04 are 
respectively (0, 0), (1, 0), (2, 2) and (1/2, 1). The quadrilateral P is red, the parallelo- 
grams P'^ and p(i3)(24) ^j-g i^j^e, the parallelograms pf^^) and p(i342) ^j.g ygjjgw and 
the parallelograms P^^^) and P^^^) ^g gj-een. 



when {i,j, k, 1} — {1, 2, 3, 4}. Then, we easily check that 

foi234 - ^^1243 - ie^("^+"^)(l - e*"^)(l - e'"-)(a3 - a,) 

= e'("i+"^)(63421-&432l) 

?>1234 - 62134 = ^(1 - e'"0(l - e^"^)(ai - 02) 

= e^("i+"^)(&342i- 63412) 

so that P'^ and p(i3)(24) ^j.g congruent. The action of (23) (respectively (24)) on 
these equalities implies that P^^-^) is congruent to p(i342) (respectively that p(^'^) is 
congruent to P ' ^ ■^ ^ ) . D 

The figure [Tlpresents an example of the quadrilateral P and the six unveiled paral- 
lelograms. 



3 Exctracting squares from any parallelogram 

With the notation of the theorem [T] we note that if P is a parallelogram then 



ai = as 






a2 = Qf4 






ai — a2 ~ 


-(as - 


- 04 



(1) 

i(Ql+«2) — j 

Hence, from the proof of the lemma [3] 61234 — &1243 = — *(6i234 — 62134)j or the 
quadrilateral P'^ has two adjacent edges of the same size that form a right angle. Since 
we know from the theorem [T] that P"^ is a parallelogram, it is a square. The set of 
conditions [T] is invariant with respect to the permutations (13) (24), and an other set 
of valid conditions is obtained with the actions of (24) or (13). On the contrary, the 
actions of (23) or (1342) are not allowed since ai — a^ y^ —{0,2 — a4), the segments 
a2a4 and aiaj, being the diagonals of a parallelogram. The proof of the lemmajSlalso 
shows that if P is a parallelogram, then 

61234 — 61243 — 4(63421 — 64321), 

so that P''' and p(i3)(24) ^.g gq^^J ^p j-q ^ translation. The action of (24) on this last 
equation implies that p(^*) is equal to P'^^^\ once again up to a translation. We thus 
have proved the following theorem: 

theorem 2. Let P be a parallelogram and denote its four vertices by ai, 02, 03 and 04," 
let a be the half of the angle at the vertex ai. Moreover, let bijki be the fixed point of 
the rotation ra^^oifa ,ai'ak,ak'''ai,ai, with i, j, k and I all different. Then the following 
sets of points define squares: 

P'^ '■ ~ [61234,61243,62143,62134] 
p(i3)(24) : = [63412,63421,64321,64312] 
p( ' : = [61432,61423,64123,64132] 
P ■ — [63214,63241,62341,62314]- 

Moreover, P^ can be transformed into pt^'^'"^) by a translation, and P^ > can be 
transformed into P^^^> by a translation. Finally, the following sets of points define 
parallelograms: 

P - = [61324,61342,63142,63124] 
P ■ = [624131^24317^4231,^4213]- 

That p(2-^) and p(i342) ^.g parallelograms is of course a direct consequence of 
the theorem [T] The figure [2] presents an example of the parallelogram P and the four 
unveiled squares; the two parallelograms p(23) and p(i342) ^g ^^so represented. 

4 Conclusion and outlook 

Starting from any quadrilateral P, the theorem [T] gives six parallelograms. For each of 
these parallelograms, the theorem l2] gives four squares. As illustrated in the figure l3] 





Figure 2: Example illustrating the theorem |2] The coordinates of oi, 02, 03 and 04 
are respectively (0, 0), (2, 0), (5/2, 1) and (1/2, 1). The parallelogram P is red, the 
squares P'^ and p(i3)(24) ^g blue, the parallelograms p(23) ^j^^ p(i342) ^g yellow 
and the squares p(24) ^jj^ p(i3) ^g green. 
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Figure 3: Example illustrating a combination of the theorem [T] and the theorem l2] The 
coordinates of ai, 02, 03 and 04 are respectively (0, 0), (1, —1), (3, 2) and (1/2, 1). 
The parallelogram P is red; P gives rise to six (not represented) parallelograms, P"^, 
p(i3)(24)^ p(23)^ p(i342)^ p(24) ^^^ p(i3) ^ g^^.jj of which gives rise to four squares. 
The squares coming from P^ p(i3)(24)^ p(23)^ p(i342)^ p(24) ^j^^j p(i3) ^^j.^ respec- 
tively colored in blue, green, yellow, magenta, black and cyan. 



which presents an example of a quadrilateral P and the unveiled squares, these twenty- 
four squares can all be different. 

The two sets of equations presented in the lemma [T] can be generalized to any 
polygons with an even number of edges. For example, if ai, a-z, 03, 04, a^ and og 
denote the six points of a hexagon and a^ is one fourth of the angle at the vertex a^, 
then 

rir2r3,rirr^rfirir2r3,r^rQrir2ririr^rf!,rir2ririrQrir^rzrir2rQrir^rzrir2rirr,rQ = id, 

with Ti — r-d-.Q., which means that 



&123564''l23456 + ^231645^231564 + ^312456^312645 — 0. 

Hence, the hexagon [6123554, 6123456, 6231645, 6231564, 6312456, 6312645] has not twelve 
degrees of freedom, but only ten. We could for example inquire about a procedure 
which, when applied a sufficient number of times, eventually leads to a regular hexagon. 



The author gratefully aknowledges fruitful dscussions with Oleg Ogievetsky. 
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